Methods are developed for extracting from a numerical propagating-beam solution of a scalar wave equation the information necessary to compute the impulse-response function and the pulse dispersion for a multimode graded-index fiber. It is shown that the scalar Helmholtz equation and the parabolic wave equation have the same set of eigenfunctions in common and that the eigenvalues for the two equations are simply related. Thus one can work exclusively with the simpler parabolic equation. Both the mode eigenvalues (propagation constants) and mode weights, which are necessary for determining the impulse response, can be obtained with high accuracy from a numerical Fourier transform of the complex field-correlation function by the use of digital-filtering techniques. It is shown how a solution obtained in the absence of profile dispersion can be simply corrected for the presence of profile dispersion. In an illustrative example a gradedindex fiber with a central dip in its profile is considered.
Introduction
In an earlier publications we described an accurate method for computing the electric field in an optical waveguide that circumvents the usual field synthesis in terms of normal modes. The method relies on a discrete Fourier representation of the field and solves the scalar Helmholtz equation by a marching algorithm that can accurately treat realistic source conditions.
The solution gives all the spatial and angular properties of a beam that originates from a prescribed source distribution and propagates down the waveguide. In addition, the Fourier transform of the field with respect to axial distance z at a single transverse point (x,y) yields the totality of all mode eigenvalues On, including those that correspond to leaky or decaying modes. This method of solution will hereafter be referred to as the propagating-beam method. In this paper we show how the propagating-beam method can be applied to the calculation of pulse dispersion in multimode fibers.
The behavior of a pulse transmitted along a length z of optical fiber is conveniently characterized by the impulse-response function 2 
h(t,z) Z Wn (t -Z/Vn), (.1) n
The authors are with University of California, Lawrence Livermore Laboratory, Livermore, California 94550.
Received 8 March 1979. where the coefficients Wn represent the relative power in the fiber modes that are excited and the Vn are the mode-group velocities defined by the relation (1.2) If the intramodal contributions to pulse broadening are neglected, the time dependence of a pulse after propagating a distance z can be represented in terms of its shape at z = 0 through the convolution
f(t,Z) =4 h(t',z) f(t -t',O)dt'.
(
1.3)
Determination of the dispersion for a specific fiber and set of launch conditions thus reduces to the computation of the mode-group velocities Vn and the mode weights Wn.
Mode-group velocities have been calculated with a variety of techniques, including the WKB method, 2 -5 perturbation theory, 4 -6 evanescent-wave theory, 7 and the simultaneous numerical computation of mode eigenvalues and eigenfunctions.-11 The selection of the mode weights Wn, on the other hand, has traditionally been based on heuristic assumptions, for example, that all modes with the same principal mode number are excited with equal power. 1 2 Such an assumption may be justified if sufficient mode mixing takes place within the fiber.1 3 There may be situations, however, in which it is desirable to have the mode weights determined by source and launch conditions. If the set of normalized eigenfunctions for all guided modes is available, say, from a numerical computation, it is possible, at least in principle, to expand the field at z = 0 in a series of these functions. If the expansion coefficients are An, the power in the mode designated by n is proportional to A,, 1 2. To our knowledge, however, this procedure has never been carried out. The propagating-beam method, as already mentioned, is capable of furnishing the mode eigenvalues fln at the same time that it is generating a variety of other data. Computation of the field for two or more values of X permits the numerical evaluation of the derivatives in Eq. (I.2). It is also possible to determine from a propagating-beam solution the sum of the weights of all modes belonging to a set with the same propagation constant. Knowing the total weight of each such degenerate mode set and the corresponding group velocity is sufficient for computing the impulseresponse function (I.1). Two methods are available for determining the weights. The first method requires squaring the complex field amplitude and integrating over the fiber cross section for each increment in z. The resulting complex function of z is then Fourier transformed numerically, and the heights of the peaks of the resulting spectrum will be proportional to the desired weights. The second method, which is the more accurate of the two, is based on a correlation function formed by multiplying the conjugate of the complex field amplitude at z = 0 and the complex field amplitude for arbitrary z and integrating over the fiber cross section. The numerical Fourier transform with respect to z of the complex correlation function, applied in conjunction with digital-filtering techniques, gives highly accurate values for both the mode weights and eigenvalues, where the former are determined by the heights of the peaks and the latter by their position.
The paper is organized as follows. In Sec. II it is shown that the eigenfunctions for the parabolic approximation to the Helmholtz equation are identical to those of the Helmholtz equation itself and that the eigenvalues for the two equations are simply related. Methods for determining mode weights under general launch conditions are derived in Sec. III. The accuracy of the determination of mode weights, propagation constants, and group delays is also assessed in Sec. III.
An application of the techniques developed is discussed in Sec. IV. In the example considered, a multimode fiber with a central dip in its refractive index is irradiated by an incoherent beam. Conclusions are stated in Sec. V, and in the Appendix an equation is derived relating group velocities in the presence of profile dispersion to those computed without it.
where (3) and no is some reference value of the refractive index, which we take here to be that of the fiber cladding.
Substitution of Eq. (2) (6) where x (x,y), and the solution to the Fresnel equation
Here for simplicity we have used a single index label n to distinguish the different modes. Substitution of Eqs. (6) and (7) into Eqs. (4) and (5), respectively, gives
Clearly un(x) -uX(x), since the operators on the right-hand sides of both Eqs. (8a) and (8b) are identical.
Furthermore, n and ', are related through the expressions
II. Relationship Between Eigenfunctions and Eigenvalues of the Helmholtz and Parabolic Equations
It is assumed that the propagation of a single-frequency component of light is governed by the scalar Helmholtz equation
where E(w,x,y,z) exp(iwt) is the transverse component of the electric field at angular frequency w, and n (w,x,y)
is the refractive index. It will be convenient to extract from the z dependence of E(c,x,y,z) a carrier wave moving in the positive z direction. Thus we write
Thus to determine the eigenvalues for the Helmholtz equation it is sufficient to determine them for the Fresnel equation and to apply Eq. (9b). [The reader is reminded that the propagation constants appearing in Eqs. (6)- (9) have had the carrier wave contribution k removed, and in this respect they differ from the propagation constants used in conventional waveguide
literature.] These results can be very useful, since it is often more convenient to work with the parabolic equation than the Helmholtz equation.
From Eq. (9) we have (10) To second order in O/'k Eq. (10) can be written as
The group delays Trn = v-, which appear in Eq. (11), are expressed relative to the delay for the carrier wave, no/c. To compute the 3', from a numerical solution of Eq. A, = 7r/Z. (12) A resolution of 1 cm-' in the determination of /'n according to Eq. (12) Table I shows the results of a numerical computation of the propagation constants and mode-group velocities based on a numerical solution of Eq. (5), the spectral density 6(w,x,y,O) 12 for an off-axis point, and Eq. (10).
The fiber was assumed to have a truncated square-law profile defined by
r > ad (13) with A = 0.008, a = 31.25 Aim, and no = 1.5. The vacuum wavelength X was taken to be 1 Aim, and the total propagation distance was Z = 2.45 cm. The s'n were determined by selecting the local maxima of I 6"(W,x,y,/) 12 without benefit of interpolation. In Eq.
(10) the numerically determined eigenvalues g'n were
used, but the derivatives a,'1,/&. were calculated by differentiating the analytic expression
Also displayed in Table I for comparison are the propagation constants and group delays from the Helmholtz equation for an infinite square-law medium. The latter values were computed from the analytic expressions
In Table I These results give confidence that propagation constants can be determined with sufficient precision by the propagating-beam method for an accurate calculation of pulse dispersion.
For more general refractive index profiles n (r) can be written as
In general, it will be necessary to evaluate the propagation constants 3n' for at least two different values of co in order to compute the derivatives a3',/9cw numerically. This will require solving Eq. (5) for each value of co. In doing so, one should consider not only the explicit dependence of Eq. (5) on a, but also the detailed variation of the profile function with w. This method will thus allow a completely general treatment of dispersion if appropriate refractive index data are available.
A simple model of profile dispersion2,18 is based on the assumption that the parameter A depends on wavelength, while the function f (r/a) is independent of (16) it where the Hn (x) are Hermite polynomials and
(23) Table II shows the ratio A2/A2 for an expansion in terms of the eigenfunctions (22), calculated both analytically and numerically using Eqs. (5) and (21), for a propagation distance of 9.5 cm. The analytic coefficients were computed from
The index j is used here to distinguish different members of the degenerate mode set that may have the same propagation constant /n3 Squaring 6, integrating over the total fiber cross section, and taking account of the orthogonality of the set of eigenfunctions give
The Fourier transform of P(z) is
naj
Let us assume for the moment that the An are all real.
If we now identify the Wn as the total weight of all modes having the same propagation constant 3n, the Wn satisfy
Thus the mode weights Wn can be determined from the heights of the maxima in the function §P(/). In practice P(o) must be computed from a finite set of discrete 'P(z) values that have been multiplied by a suitable window function.l 4 The peaks in P(O) will display a finite width and shape that are characteristic of both the window function and the propagation distance. Table II shows the results of a mode-weight determination based on the field-squared'method for a Gaussian beam introduced into a 1-D quadratic re-
where b = aa/a.
In the numerical calculation a Hanning 1 9 window and quadratic interpolation were used.
The procedure just outlined can be generalized to the case where the Anj are complex. Let over-all agreement between the numerical and analytic results is excellent. The agreement is particularly impressive considering the small amounts of power that are contained in the higher modes. The power spectrum 'PI (/) calculated for a Hanning window is shown in Fig. 1 , plotted vs -3 (to emphasize the similarity between an optical waveguide and a quantum-mechanical system with an attractive potential). Figure  1 gives an accurate picture of both the relative mode powers and their eigenvalues. Table IV gives a comparison between analytically and numerically determined eigenvalues (columns 2 and 5) for the conditions of Table III , with the latter determined by quartic interpolation. The agreement in Table IV is to within better than 0.1 cm-1 . Thus by interpolation the resolution implied by Eq. (12) had been improved by at least a factor of 3.
The numerically determined mode delays a/3o'/a, for a 20% variation in w, are also displayed in Table IV  relative The accuracy of the correlation-function method is clearly better than the field-squared method. Thus the correlation-function method is to be preferred for reasons of both accuracy and simplicity. 
IV. Numerical Illustration
The principles developed in the previous sections have been applied to a fiber with the following refractive index profile:
ni ( in a strongly absorbing jacket 1 at r = 62 gmi. For the above profile the core index is quadratic in r except for a parabolically shaped dip at the center. A plot of n (r)
is shown in Fig. 2 . The fiber is assumed to be illuminated with a beam composed of randomly phased plane waves' at a wavelength of 1 m. The spectrum | 6(x,y,3) 12, corresponding to a propagation distance of 2.5 cm and a transverse position 5 gm from the fiber axis, is shown in Fig. 3(b) . Because of the off-axis position all modes are represented. For comparison the spectrum for the same fiber with the central dip eliminated is displayed in Fig. 3(a) . For the profile with no dip there are eighteen distinct guidedmode groups, while the less degenerate spectrum for the fiber with the dip shows forty-nine distinct guidedmode groups. Moreover, the dip alters the mode spectrum in a fundamental way that cannot be characterize.d simply as a perturbation. 2 2 The fiber power spectrum P 1 (/), calculated from (C'*(x,y,0)6 '(x,y,z)) with a four-term BlackmanHarris window, is displayed in Fig. 4 for the profile with dip. The heights of the peaks are, of course, proportional to the power excited in the individual modes. In Fig. 7 the rms dispersion plotted against the profile dispersion parameters = In A/A is shown for (a) the profile without a dip and (b) the profile with dip. It is seen that the profile with dip is far less sensitive to profile dispersion than the profile without dip. The calculated dispersion corresponding to Figs. 4 and 5 is rather large by experimental standards, but so too is the assumed ratio Ria 0.2. However, the modal weights excited by the randomly phased beam also play a role in the large calculated value of dispersion. In order to test the effect of mode excitation on dispersion, the fiber with dip was assumed to be illuminated by a beam having the Gaussian shape
where (7a is determined by Eq. (23). This is, of course, a good approximation to the fundamental mode for the fiber without a dip. The impulse-response function at 1 km for the fiber with dip corresponding to this illumination is shown in Fig. 8 , where it is evident that relatively few modes are excited. The most prominent peak in Fig. 8 corresponds to the fundamental mode.
The peaks have been arbitrarily given a Gaussian shape with a le width of 100 psec. The rms dispersion for this impulse response function is 2.24 nsec/km. However, this number is rather deceiving, since an important contribution to of comes from the group of trailing modes containing little energy. If, for example, only the first four mode groups which contain 87% of the pulse power are considered, the dispersion reduces to 0.732 nsec/km.
The intensity as a function of radius at z = 2.45 cm resulting from the Gaussian beam illumination is shown in Fig. 9 . This should be compared with Fig. 10, which shows the intensity distribution of the fundamental mode for the profile with dip, determined from a solution of Eq. (5) with iz substituted for z. Replacement of z by iz causes the normal mode solutions [Eq. (7)] to grow exponentially. The largest A' value corresponds to the fundamental mode. Consequently that mode will prevail over the others after a sufficiently large propagation distance. In the present case that distance is of the order of 2 cm. Radius (pm) Fig. 9 . Intensity distribution at z = 2.45 cm; same conditions as in Fig. 8 .
V. Conclusions
It has been previously shown that a propagatingbeam solution of a scalar wave equation based on a discrete Fourier representation provides an accurate discription of the spatial and angular properties of the electric field in an optical waveguide. In this paper we have shown how the same computation can also furnish accurate and detailed information on both the axial or mode spectrum and the relative power excited in various modes under general launch conditions. This information can be used to compute the impulse response and the pulse dispersion for a fiber of general refractive index profile. The latter computations, however, require a minimum of two propagation calculations, since group delays must be computed by a numerical evaluation of the derivatives of mode eigenvalues with respect to frequency.
Naturally the accuracy with which mode propagation constants and weights can be computed increases with the propagation distance encompassed in a given calculation. However, we have determined that with the help of digital signal-processing techniques, accurate information can be gained from propagation distances of the order of centimeters.
The propagating-beam method thus provides an accurate and unified description of most phenomena of current interest associated with optical waveguides.
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Appendix: Treatment of Profile Dispersion
If we make use of Eq. (16) and keep only terms to first order in A, we can write the parabolic equation (5) 
It will be assumed that f (r/a) is independent of X but that the material parameters no, nI, and A can vary with
Co.
From first-order perturbation theory, 2 
